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A ﬁnite element based method, theorized in the context of nonlocal integral elasticity and founded on a
nonlocal total potential energy principle, is numerically implemented for solving 2D nonlocal elastic
problems. The key idea of the method, known as nonlocal ﬁnite element method (NL-FEM), relies on
the assumption that the postulated nonlocal elastic behaviour of the material is captured by a ﬁnite ele-
ment endowed with a set of (cross-stiffness) element’s matrices able to interpret the (nonlocality) effects
induced in the element itself by the other elements in the mesh. An Eringen-type nonlocal elastic model
is assumed with a constitutive stress–strain law of convolutive-type which governs the nonlocal material
behaviour. Computational issues, as the construction of the nonlocal element and global stiffness matri-
ces, are treated in detail. Few examples are presented and the relevant numerical ﬁndings discussed both
to verify the reliability of the method and to prove its effectiveness.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The fundamentals of nonlocal elasticity were given in a few pa-
pers appeared in the late sixties’ (Kröner, 1967; Kunin, 1968;
Krumhansl, 1968) where elastic materials with long range cohesive
forces or, elastic media with microstructure or, moreover, contin-
uum approaches derived from atomic lattice theory were consid-
ered, respectively. Improved formulations, mainly devoted to the
constitutive aspects of the nonlocal elasticity model and oriented
to frame the postulated constitutive relations in a thermodynamic
context, were presented later (Edelen and Laws, 1971; Edelen
et al., 1971; Eringen and Edelen, 1972). In the above quoted pa-
pers the concept of long-distance effects, acting at the microstruc-
ture of a nonlocal elastic material, implies that some amount of
energy is interchanged between the material particles within
the body; as a consequence, apposite nonlocality (energy) residu-
als have to be accounted for in the thermodynamic principles. To
this research line belong, between others, the contributions of:
Gao (1999), where the set of nonlocality residuals includes the
nonlocal couple stress ﬁeld consequent to the effect of local rota-
tion; Polizzotto (2001, 2003) where the energy residual has been
evaluated and interpreted as for its thermodynamic role; Polizzot-
to et al. (2004, 2006) where nonhomogeneous nonlocal elasticity
is addressed. The potentialities of such thermodynamic ap-
proaches within solid mechanics have been assessed not only in
the framework of elasticity but also in the context of fracture
mechanics (Nguyen, 1980; Strifors, 1974; Eftis and Liebowitz,ll rights reserved.
).1976; Zhang and Karihaloo, 1993) or in conjunction with plastic-
ity (Eringen, 1981, 1983; Polizzotto and Borino, 1998; Polizzotto
et al., 2000; Polizzotto, 2002, 2007, 2008a,b, 2009) or, also, with
damage (Jirásek, 1998; Liebe et al., 2001; Benvenuti et al., 2002;
Borino et al., 2003).
Other contributions to nonlocal elasticity theory refer more spe-
ciﬁcally to continuum boundary-value and initial-boundary-value
problems. A nonlocal theory of elastic continua as well as the rel-
evant conditions ensuring the existence of fundamental solutions
were presented in Rogula (1982). Issues related to the existence
and uniqueness of nonlocal boundary-value problem solution are
also addressed in Altan (1989a,b) or, with reference to nonlocal
thermoelasticity, in Altan (1991), Wang and Dhaliwal (1993). To
this concern, in Polizzotto (2001) and Polizzotto et al. (2006) vari-
ational principles, extensions to nonlocal elasticity of classical
principles of local elasticity like the total potential energy, the
complementary energy and the mixed Hu-Washizu principles,
have been presented offering ﬁrm variational bases for numerical
methods such as the ﬁnite element method or the symmetric
boundary element method.
The above quoted papers should be sufﬁcient to give an idea of
the variety of approaches placeable in the nonlocal elasticity con-
text. To this concern in the remarkable contribution of Bazˇant
and Jirásek (2002) the progress in the nonlocal models of inte-
gral-type are reviewed in the broader context of plasticity and
damage. After all, besides any possible and surely interesting re-
view of such a variety of contributions, which is out of the aim of
the present paper, a simple and effective way to frame nonlocal
elasticity in the realm of continuum theories of solid mechanics
is to view it as a tool to overcome one of the main drawbacks of
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proach to handle elastic problems in the presence of sharp geomet-
rical singularities. As pointed out in Eringen (1987), such inability
of the local theory is indeed to be interpreted as the attainment of
the limit of applicability of the theory itself. The local theory, which
is, with no doubts, successful in the description of physical phe-
nomena adequately represented by the behaviour of a very large
number of molecules or material particles gathered together, fails
when the physical phenomena to be captured are affected by
events arising at a microstructure or, even, at atomic level. A strik-
ing example is, typically, the singular stress ﬁeld predicted at a
sharp crack-tip in a continuum fracture mechanics problem. A very
extensive list of contributions is traceable in the relevant literature,
see e.g. Eringen and Kim (1974) or Zhou andWang (2005) till Liang
(2009) just to quote one of the early contribution and a pair of the
more recent ones. An effective nonlocal continuum approach for
solving problems involving (spontaneous) formation of discontinu-
ities, so including fracture mechanics problems, is the one known
as peridynamic model proposed by Silling (2000); see also the re-
cent contributions of Silling et al. (2003) and Emmrich and Weck-
ner (2007). The application of nonlocal elastic continuum
approaches to nanomaterials, where size effects often become
prominent and have to be accounted for, is another current exam-
ple. The list of contributions is also in this case quite extensive,
starting with the work of Peddieson et al. (2003) who developed
a nonlocal Euler–Bernoulli beam model, among others, some of
the more recent papers are those of Zhang et al. (2005), Ece and
Aydogdu (2007), Heireche et al. (2008), Murmu and Pradhan
(2009) addressing problems of vibration, buckling and wave prop-
agation in carbon nanotubes on the base of a nonlocal Timoshenko
beam theory. Variational principles for multi-walled carbon nano-
tubes have recently been presented by Adali (2008) who assumed a
continuum modelling which takes into account small scale effects
via the nonlocal theory of elasticity. Till the very recent contribu-
tions of Aifantis (2009), related to gradient elasticity, but showing
that continuum elasticity can indeed describe a variety of problems
at micro/nano regime if long range or nonlocal material point
interactions and surface effects are taken into account or by Wang
(2009) related to dynamic behaviour of double-walled carbon
nanotubes.
The list of the above quoted references is far to be exhaustive;
nevertheless the key idea of the nonlocal theories is to use a con-
tinuum approach endowed with information regarding the behav-
iour of the material microstructure, i.e. a theory able to catch the
capacity exhibited—at a microstructural level—by an elastic mate-
rial to transmit information to neighbouring points within a cer-
tain distance. To succeed in this direction an internal length
material scale, driving the modelling of the diffusion processes
involving neighbouring points linked together by long range forces,
is necessary. This internal length can be introduced in different
ways, i.e. by considering body couples as in polar elasticity (Sluys,
1992) or gradient operators (Aifantis, 2003), or, moreover, integral
operators both entering the constitutive relations (see e.g. Kunin
(1982), Rogula (1982) or Polizzotto (2003) for a uniﬁed treatment);
this produces a variety of approaches or techniques.
As a matter of fact, the reasonings and the theoretical develop-
ments on nonlocal elasticity are from many aspects widely
strengthened, although to the authors’ opinion, among other prob-
lems still open to discussion, the issues that should be investigated
thoroughly are those related to practical applications like, for
example, methods aimed to solve, analytically and/or numerically,
nonlocal elastic mechanical problems. The analytical solutions,
even for simple 1D continuum problems, are in this context quite
complex being also hardly generalizable to a 2D or 3D formulation,
(Eringen, 1972, 1978; Eringen et al., 1977; Pisano and Fuschi,
2003), and the only resolutive procedures which may be effectiveas well as of general applicability are the ones based on a numer-
ical approach. On the above remarks grounds and try motivation
the present work which refers to a nonlocal elasticity of integral-
type and in which a numerical technique based on the FEM, ﬁrst
proposed and theorized in Polizzotto (2001), is implemented for
solving 2D nonlocal elastic mechanical problems.
The technique herein named, borrowing from Polizzotto (2001),
nonlocal ﬁnite element method (NL-FEM) leads to solving a linear
equation system formally equal to that the standard FEM leads
to, but with a relevant global (nonlocal) symmetric stiffness matrix
reﬂecting all the nonlocality features of the problem. Each FE is in
fact endowed with a direct- or self-stiffness matrix plus a set of indi-
rect- or cross-stiffness matrices, strictly related to the mesh geome-
try, containing information coming from the other FEs in the mesh.
The global matrix is then the result of contributions from all the
self- and cross-stiffness matrices of each element. In practice, the
global matrix turns out to be banded, but with a bandwidth larger
than for the standard FEM, as in fact the cross-stiffness matrix of
two FEs located ‘‘too far” from each other (with respect to an
‘‘inﬂuence distance”) is vanishing.
For what concerns the material modelling, the Eringen model
for nonlocal integral elasticity is adopted (Eringen, 1978, 1979;
Eringen and Kim, 1974; Eringen et al., 1977). It refers to linear
homogeneous isotropic continua and it is characterized by a
stress–strain relation of convolutive-type whose kernel—or attenu-
ation function in this context—is aimed to capture the diffusion pro-
cess of the nonlocality effects. Different analytical shapes of such
function are available in the literature (see e.g. Bazˇant and Chang
(1984)); conical, bell-shape and bi-exponential have been tested
within the NL-FEM, but the one here considered for numerical
applications is a bi-exponential which has been used in Pisano
and Fuschi (2003) where a simple 1D bar problem has been solved
in closed form. Such a choice allows to verify, by comparison with a
1D-like case, the effectiveness of the discussed numerical tech-
nique and it also helps to a better understanding of the numerical
results here given for 2D nonlocal problems.
Enhanced versions of Eringen nonlocal elasticity model, able to
cope with spatially variable elastic moduli and internal length,
have been proposed in Polizzotto et al. (2006). These models, at
least in principle, are applicable to a variety of problems of solid
mechanics and engineering like e.g. degrading materials, fracture
mechanics, composite materials, geotechnical materials and, as
also shown in Polizzotto et al. (2006) by simple 1D examples, they
are able to avoid some numerical instabilities arising with the Erin-
gen model in the presence of sharp material discontinuities (like
cracks). Such enhanced models are here purposely avoided, the
main goal of the present study being indeed the numerical imple-
mentation of the NL-FEM in its simpler form in order to probe all
the computational issues of the method when implemented in a
2D context; the obtained results establishing a ﬁrst base for future
developments.
The plan of the paper is the following: after this introductory
Section 1, the main features of the adopted constitutive model
are brieﬂy given in Section 2 where a simple 1D nonlocal elastic
problem is also set up analytically for general remarks and follow-
ing comparisons. Section 3, which is the core of the paper, is de-
voted to the NL-FEM formulation in 2D; details are given either
for the construction of the nonlocal matrices or for their physical
meaning; a ﬂow-chart style of the method closes the section. The
numerical results are then reported and commented in Section 4
while the main ﬁndings of the present work, also oriented to pos-
sible future developments, are ﬁnally given in Section 5 which
closes the paper.
Notation. A compact notation is used throughout, with bold-face
letters for vectors and tensors. The ‘‘dot” and ‘‘colon” products
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contraction operations, respectively, for instance u  v ¼ uiv i;
r : e ¼ rijeij; r  n ¼ frijnjg;D : e ¼ fDijhkehkg. Subscripts denote
Cartesian components and the repeated index summation rule is
to be applied. Cartesian orthogonal coordinates x ¼ ðx1; x2; x3Þ are
employed. Partial derivatives with respect to xj are denoted by
commas, e.g. ui;j ¼ @ui=@xj. r denotes the gradient operator, rs its
symmetric part, for instance ru ¼ f@ui=@xjg and
rsu ¼ f12 ð@ui=@xj þ @uj=@xiÞg. The symbol :¼ means equality by
deﬁnition. Other symbols will be deﬁned in the text where they
appear for the ﬁrst time.2. Problem position
2.1. Constitutive assumptions
Eringen and co-workers (Eringen and Kim, 1974; Eringen et al.,
1977) developed a simpliﬁed nonlocal elasticity theory for linear
homogeneous isotropic continua, in such a way that the nonlocal
theory differs from the classical local one only for the stress–strain
constitutive relation. Let us consider a homogeneous, isotropic,
nonlocal elastic continuum, occupying the volume V of a 3D do-
main referred to x ¼ ðx1; x2; x3Þ. The continuum can be conceived
as an aggregate of material particles linked one another by cohesive
bonds (between adjacent particles) and long range forces or liga-
ments (between nonadjacent particles), the pertinent stress–strain
relation is indeed assumed in the shape:
rðxÞ ¼ D : beðxÞ 8 x 2 V ; ð1Þ
where D is the relevant elastic moduli fourth-order tensor of isotro-
pic local elasticity; rðxÞ is the second-order tensor representing the
stress ﬁeld at x; beðxÞ is the second-order tensor representing the
nonlocal strain ﬁeld at x. Precisely, the (nonlocal) strain at a ﬁeld
point x, namely beðxÞ, can be conceived as the sum of two contribu-
tions: one is the strain arising at x itself, the other one is the strain
at x induced by strains arising, or acting, at all x0–x in V. This second
contribution, expressible through a convolution integral, is aimed to
‘‘inject” the nonlocal elastic behaviour of the material in the consti-
tutive relation. Following Eringen (1987) and Altan (1989b), the
nonlocal strain is assumed in the shape:
beðxÞ ¼ f1eðxÞ þ f2 Z
V
Aðx;x0Þeðx0ÞdV 0: ð2Þ
Eq. (2) can be physically interpreted viewing the nonlocal elastic
material as a two-phase elastic material; namely, phase 1 material(b)
( ,A x x
bar core domain
bar end portions
x x
RL 2 RL
(a)
L
Fig. 1. Nonlocal elastic bar in tension: (a) problem position; (b) sketch of the attenuat
beyond which the diffusion process is vanishing.(of volume fraction f1) complying with local elasticity and phase 2
material (of volume fraction f2) complying with nonlocal elasticity;
f1 and f2 being positive material constants with f1 þ f2 ¼ 1. More-
over, the convolution integral in Eq. (2) is extended to the entire
volume V of the nonlocal elastic body and dV 0 :¼ dVðx0Þ. Finally,
Aðx;x0Þ is a positive scalar attenuation function which assigns a
‘‘weight” to the (nonlocal) effect induced at the ﬁeld point x by a
strain acting at the source point x0, it decays rapidly with increasing
distance jx0  xj. The latter is qualiﬁable as ‘‘large” or ‘‘small” only if
compared with a material parameter, namely the internal length
scale ‘, the attenuation function being a function of the ratio
jx0  xj=‘. An essential requisite of the attenuation function arises
from the fact that for ‘ ! 0, i.e. in the limit of a local elastic material
behaviour, it has to become a Dirac delta so that, in such a circum-
stance, Eq. (1) recovers the classical local elastic Hooke form
rðxÞ ¼ D : eðxÞ. To this aim it is sufﬁcient to impose the normaliza-
tion condition:Z
V1
Aðjx0  xj=‘ÞdV 0 ¼ 1; ð3Þ
in which V1 is the inﬁnite domain embedding V, if V is ﬁnite.2.2. A simple 1D problem
Let us consider the bar schematically depicted in Fig. 1(a). It has
length L, uniform cross-section S (set equal to unity for simplicity)
and it is referred to an x-axis coincident with the bar axis. The bar
is made of a nonlocal, homogeneous, isotropic, linear elastic mate-
rial whose constitutive behaviour complies with the Eringenmodel
given in Section 2.1. A physical interpretation of this nonlocal elas-
tic bar might be the one which conceives it as a regular chain of
particles each of which is linked with the others by means of cohe-
sive bonds and long-distance ligaments. These ligaments, inter-
preting the nonlocal material behaviour are, in practice,
vanishing beyond an inﬂuence distance LR, the latter is a multiple
of the internal length ‘ and both, ‘ and LR, are much smaller than
the smallest dimension of the body. In the analytical treatment,
LR coincides with the maximum distance within which Aðx; x0Þ is
meaningful. This concept is sketched in Fig. 1(b) for a generic
attenuation function centred at x in ½0; L. In the same Figure it is
shown that in proximity to the bar end sections the weighting pro-
cess of the nonlocality effects, put in action by the attenuation
function Aðx; x0Þ, is modiﬁed or altered at least in a zone of wideness
equal to the inﬂuence distance LR, and here named bar end portion.)
x
RL
1S
 or ( )F S u L u
x
ion function, Aðx; x0Þ, and of the bar end portions, LR denoting the inﬂuence distance
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free end section x ¼ L, to: (i) a concentrated axial force
F ¼ Sr  r ¼ const:; (ii) a given displacement u (see again
Fig. 1(a)). In both loading conditions no body forces are considered
for simplicity and the solution procedure is quite simple because of
the stress r being constant in the whole bar for equilibrium.
Governing equations for load case (i) – assigned force:
drðxÞ
dx
¼ 0; rjx¼L ¼ r; ð4a;bÞeðxÞ ¼ duðxÞ
dx
; uð0Þ ¼ 0; ð5a;bÞrðxÞ ¼ EbeðxÞ; with beðxÞ :¼ f1eðxÞ þ f2 Z L
0
Aðx; x0Þeðx0Þdx0; ð6a;bÞ
where: Eq. (4a,b) express the ﬁeld and boundary equilibrium condi-
tions; Eq. (5a,b) are the ﬁeld and boundary compatibility condi-
tions; Eq. (6a,b) are the 1D counterpart of Eqs. (1) and (2)
expressing the adopted Eringen model with E = Young modulus;
all the equations hold for all x : 0 < x < L.
On combining Eqs. (4a,b) (r  r in the whole bar) and (6a,b),
the following relations hold true:
beðxÞ ¼ r
E
:¼ e; ð7Þ
eðxÞ ¼ e
f1
 f2
f1
Z L
0
Aðx; x0Þeðx0Þdx0; ð8Þ
where e = uniform nonlocal strain. Eq. (8) is a Fredholm equation of
second kind whose solution gives the solution of the boundary-va-
lue problem (BVP) (4–6) in terms of strain distribution and, by Eq.
(5a,b), in terms of displacements.
Governing equations for load case (ii) – assigned displacement:
Eqs. (4a), (5a,b) and (6a,b) are still valid, and are not rewritten
for brevity, while Eq. (4b) has to be substituted by the following
boundary compatibility requirement:Z L
0
eðxÞdx ¼ u: ð9Þ
On combining Eq. (4a), which now gives r ¼ const: :¼ C = unknown
constant value of the stress to be determined, with Eqs. (6a,b) the
following relation holds:GP
# 6GP
O
y
x
Node # i
#1GPx x
1
2
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4
5
6
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9
El. # n
Fig. 2. Evaluation of the nonlocal element cross-stiffness matrices: two generic 8eðxÞ þ f2
f1
Z L
0
Aðx; x0Þeðx0Þdx0 ¼ C
Ef1
: ð10Þ
The latter, on posing eðxÞ :¼ C/ðxÞ, can be given the shape:
/ðxÞ ¼ 1
Ef1
 f2
f1
Z L
0
Aðx; x0Þ/ðx0Þdx0; ð11Þ
which is again a Fredholm equation of second kind to be solved for
/ðxÞ. By substituting then eðxÞ ¼ C/ðxÞ into Eq. (9), the constant va-
lue of the stress corresponding to the given end displacement u is:
C ¼ uR L
0 /ðxÞdx
; ð12Þ
while the strain distribution reads:
eðxÞ ¼ uR L
0 /ðyÞdy
/ðxÞ: ð13Þ
Eq. (5a,b) can ﬁnally be utilized to get the displacement ﬁeld uðxÞ.
The examined problem admits a unique solution (see e.g. Polizzotto
(2001)) and the strain distributions obtained for the two loading
conditions are the same if, for instance, r ¼ uE=L.
Remark 1. For an attenuation function of the form
Aðx; x0Þ :¼ k0ejx0xj=‘, namely a bi-exponential function with k0
being a normalization factor derived by imposing condition (3), a
closed form solution of the examined 1D bar problem has been
given in Pisano and Fuschi (2003). The solution is there obtained by
splitting Eq. (8) into two Volterra equations of second kind that are
solved analytically with a technique based on Neumann’s series
expansion of the kernel. The rationale proposed in Pisano and
Fuschi (2003) may be applied, in principle, to other choices of the
attenuation function although their analytical treatment becomes
very cumbersome even for such a simple problem. Moreover, a
closed form solution is hardly achievable in a 2D context and an
effective resolutive procedure has to avail of a numerical technique
as the one discussed in the next Section. The above mentioned
exact solution will be used later seizing the opportunity of
verifying, by comparison, the correctness and effectiveness of the
implemented numerical method.
Remark 2. By inspection of Eq. (8), or (13), it is evident that—con-
trary to local elasticity—in the Eringen-type nonlocal bar here con-
sidered a uniform stress state is not accompanied by a uniform
strain. Precisely, the strain proﬁle exhibits to within the bar endEl. # m
Node # j# 1
#6GP
1
9
-nodes Serendipity elements with 3 3 Gauss sampling points per element.
El. # n
RL RL
RLRL
O
y
x
Fig. 3. Evaluation of the nonlocal element cross-stiffness matrices: elements
contributing to knonlocnm pertinent to element #n.
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Pisano and Fuschi, 2003). This trend is due to the presence of an
impending boundary, namely the bar end sections, within which
the (strain) sources distribution and the consequent diffusion pro-
cesses of the nonlocality effects, governed by Eq. (6b), must be con-
ﬁned. To this concern, it is worth to note that this result is
consistent with the adopted Eringen-type model and it is deﬁnitely
strengthened by the exact solution of this problem. From an ana-
lytical point of view the inﬂuence of the boundaries in the present
Eringen-type nonlocal elastic solution is due to the circumstance
that the support of the attenuation function exceeds the integra-
tion domain, the weighting process resulting so altered. An
attempt to interpret macroscopically these boundary effects, aris-
ing obviously upon a ﬁnite domain, has been presented in Polizzot-
to et al. (2001). Precisely, these effects which manifest themselves
within a boundary layer of constant thickness equal to the inﬂu-
ence distance LR, have been interpreted either by a modiﬁcation
of the stress–strain relation within the boundary layer or by a suit-O
y
x
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Fig. 4. Evaluation of the nonlocal global stiffness matrix: element globaable redistribution of a fraction of the boundary forces as body
forces within the boundary layer. These conjectures might be
attractive but, as declared in the quoted paper, suitable microme-
chanics considerations could be necessary for a deeper description
of such phenomenon which is however out of the scope of the
present paper.
Remark 3. An enhanced Eringen-type nonlocal elastic model,
recently proposed in Polizzotto et al. (2006), is able to overcome
the drawbacks above by the usage of an averaged strain difference,
entering the nonlocal phase 2 material contribution of Eq. (2),
which vanishes identically for any uniform strain ﬁeld. A uniform
stress ﬁeld is so provided whenever the strain ﬁeld is uniform, just
like in the case of local elasticity and consistently with what can be
deduced from some experimental ﬁndings on thin wires in tension
executed by Fleck et al. (1994) dealing with strain gradient plastic-
ity. Such model, besides its proven variational consistency, seems
able to assure numerical stability avoiding also the above cited
incoherencies on the strain distribution arising at sharp material
discontinuities like domain boundaries. The latter due either to
coupling of different materials (with different Young modulus for
example) or to the presence of internal cracks. It is worth noting
that the solution uniqueness of the pertinent continuum bound-
ary-value problem has already been proven and the related total
potential energy principle for NL-FEM discretizations is available.
Nevertheless, the potentialities of the strain-difference-based non-
local model have been so far explored within a simpliﬁed context
of a 1D bar structure postponing further investigations oriented
to validate the model in a 2D context. As observed in Section 1,
such concepts and others envisaged in the above quoted model
are the object of a future step in the numerical implementation
of the NL-FEM once the method has been set up for 2D problems
in its simpler form, which is the declared goal of the present study.
Remark 4. It is easy to verify that to within the core domain,
where condition (3) is fully met, the strain distribution is the local
(uniform) elastic one. For load case (i) the Fredholm Eq. (8) admits
the solution eðxÞ ¼ e ¼ r=E. For load case (ii) the Fredholm Eq. (11)
admits the solution /ðxÞ ¼ 1=E and consequently: C ¼ uE=L and
eðxÞ ¼ u=L by Eqs. (12) and (13), respectively.El. # m
( )
15
m
r
( )
16
m
r
( )
2
m
r
( )
1
m
r
l DOF numbers for two generic elements #n and #m in the mesh.
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3.1. NL-FEM formulation
Variational principles for nonlocal elasticity of Eringen-type
have been proposed in Polizzotto (2001) as apposite extensions
of classical principles of the local elasticity theory. On such bases,
the NL-FEM has been conceived in the above quoted paper which
is hereafter referred for the fundative theory whose essentials are
brieﬂy summarized in the following.
An Eringen-type nonlocal BVP can be set up in the shape:
divrðxÞ þ bðxÞ ¼ 0 in V ; rðxÞ  nðxÞ ¼ tðxÞ on St ; ð14a;bÞ
eðxÞ ¼ rsuðxÞ in V ; uðxÞ ¼ uðxÞ on Su; ð14c;dÞ
rðxÞ ¼ f1D : eðxÞ þ f2
Z
V
Aðx;x0ÞD : eðx0ÞdV 0 in V ; ð14eÞ
where Eq. (14a,b) express the ﬁeld and boundary equilibrium
conditions; Eq. (14c,d) are the ﬁeld and boundary compatibility
conditions; Eq. (14e) is the nonlocal elastic constitutive law.
Moreover, V is the domain occupied by a continuous, homoge-
neous, nonlocal elastic body in its undeformed state; bðxÞ and
tðxÞ denote the volume forces in V and the surface forces on
the portion St of the boundary surface @V , respectively; n(x) is
the unit normal external vector to @V ; uðxÞ are the imposed
displacements on the constrained portion Su of @V . No imposed
thermal-like strains are considered for simplicity; the loads act,
by hypothesis, in a quasi-static manner and inﬁnitesimal dis-
placements are assumed.
According to Polizzotto (2001), Eq. (14a-e) can be obtained as
the optimality conditions of the following nonlocal total potential
energy functional:(b) 
y(a)
L
h
6 2
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Fig. 5. A bar-like structure in tension: (a) geometry, loading and boundary conditions, mP½uðxÞ ¼1
2
f1
Z
V
rsuðxÞ :D :rsuðxÞdV
þ1
2
f2
Z
V
Z
V
Aðx;x0ÞrsuðxÞ :D :rsuðx0ÞdV 0dV

Z
V
bðxÞ uðxÞdV
Z
St
tðxÞ uðxÞdS: ð15Þ
The NL-FEM can then be formulated grounding on a discretized
form of the functional P½uðxÞ given by Eq. (15). Adopting the stan-
dard formalism of the FEM (see e.g. Hinton and Owen (1989)), let
the domain V be divided into Ne ﬁnite elements (FEs). No dot or colon
products are used in the following, bold-face symbols denoting matrices
and vectors whose dimensions are the ones pertinent to a 2D FE formu-
lation. The unknown displacement ﬁeld u (x) and the related strain ﬁeld
eðxÞ ¼ rsuðxÞ, within the n-th element of volume Vn, can be given the
shapes:
uðxÞ ¼ NnðxÞdn; eðxÞ ¼ BnðxÞdn; 8 x 2 Vn ð16a;bÞ
where NnðxÞ ¼ matrix of C0 – continuous shape functions with ﬁrst
partial derivatives in L2; dn ¼ node displacements vector of the n-th
element; BnðxÞ :¼ rsNnðxÞ ¼ matrix containing the shape functions
partial derivatives.
Substituting Eq. (16a,b) into Eq. (15) gives:
P ¼ 1
2
f1
XNe
n¼1
dTn
Z
Vn
BTnðxÞDBnðxÞdV
 
dn
þ 1
2
f2
XNe
n¼1
XNe
m¼1
dTn
Z
Vn
Z
Vm
Aðx;x0ÞBTnðxÞDBmðx0ÞdV 0dV
 
dm

XNe
n¼1
dTn
Z
Vn
NTnðxÞbðxÞdV þ
Z
StðnÞ
NTnðxÞtðxÞdS
 !
; ð17Þ
where StðnÞ :¼ St \ @Vn. By inspection of Eq. (17) it is easy to recover
an abridged format of the total potential energy related to the FE
discrete model. To this aim, rewriting Eq. (17) in the shape:x
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1
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aterial data; (b) plot of the NL-FEM solution in terms of strain distribution exðx; yÞ.
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Fig. 7. A plate under tension: (a) geometry, loading and boundary conditions, material
three typical positions of the attenuation function.
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Fig. 6. A bar-like structure in tension: (a) exact solution (dashed line) and NL-FEM
solution (solid line) in terms of strain distribution ex versus x (in cm) at
y ¼ 0:472 cm (longitudinal section of the plot in Fig. 5(b)); (b) NL-FEM solution in
terms of strain distribution ex versus y (in cm) at x ¼ 0:125 cm (transversal section
of the plot in Fig. 5(b) in proximity of the left bar end section).
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2
XNe
n¼1
f1d
T
nk
loc
n dn þ f2
XNe
m¼1
dTnk
nonloc
nm dm
" #

XNe
n¼1
dTnfn; ð18Þ
with:
klocn :¼
Z
Vn
BTnðxÞDBnðxÞdV ; ð19aÞ
knonlocnm :¼
Z
Vn
Z
Vm
Aðx;x0ÞBTnðxÞDBmðx0ÞdV 0dV ; ð19bÞ
fn :¼
Z
Vn
NTnðxÞbðxÞdV þ
Z
StðnÞ
NTnðxÞtðxÞdS; ð19cÞ
it turns out that each element, say the n-th, contributes to the total
strain energy with a ‘‘local elastic” part (of volume fraction f1)
whose pertaining stiffness is given by the matrix klocn and a ‘‘non-
local elastic” part (of volume fraction f2) whose pertaining stiffness
is given by the set of element matrices knonlocnm . This set includes the
direct- or self-stiffness matrix (i.e. knonlocnm , for n ¼ m) and as many
indirect- or cross-stiffnessmatrices (i.e. knonlocnm , for n–m) as many ele-
ments are in the adopted mesh. In particular, each knonlocnm represents
the ‘‘nonlocal effects” of the m-th element on the n-th one; it de-
pends on the mesh geometry and, in practice, it vanishes when
two elements are too far from each other with respect to the inﬂu-
ence distance LR. The equivalent nodal forces element vector fn, gi-
ven by (19c), preserves its standard format.
Eq. (18) can be easily transformed in a quadratic function of the
global DOFs, all collected in a global displacement vector, say U.
The correspondence between the element DOFs, dn, and the global
ones, U, is stated, as in the standard FEM, through a boolean con-
nectivity matrix, i.e.:
dn ¼ CnU; ðn ¼ 1;2; . . . ; NeÞ: ð20Þx
6 2
1
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data; (b) sketch of the core domain and of the skin region visualized by considering
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expression (18) with respect to U after substitution of Eq. (20)
and it can be given the shape:bKU ¼ F; ð21Þ
so resulting in all similar to the one of a standard FEM, except for
the nonlocal global stiffness matrix bK which is symmetric, positive
semideﬁnite and, by construction, reﬂecting all the nonlocality fea-
tures of the problem. The matrix bK can in fact be posed in the form:
bK ¼XNe
n¼1
f1K
loc
n þ f2
XNe
m¼1
Knonlocnm
" #
; ð22Þ
where
Klocn ¼ CTnklocn Cn; Knonlocnm ¼ CTnknonlocnm Cm; ð23a;bÞ
are the element matrices enlarged to the dimensions of the overall
system. No novelties pertain to the global force vector given by:
F ¼
XNe
n¼1
CTnfn: ð24Þ
It is worth noting that expression (22) reminds that the nonlocal
elastic stiffness of the discrete model is that pertaining to the
two-phase elastic material it is, by hypothesis, made with. Finally,Fig. 8. Plate under tension of Fig. 7 subjected to load case #1, plots of the strain distrib
f1 ¼ 0:5.bK turns out to be banded with a bandwidth larger than in the stan-
dard FEM and this, obviously, in relation to the inﬂuence distance
LR.
3.2. Discrete 2D model and element’s nonlocal matrices
Looking at the ingredients entering the NL-FEM given in the
previous Section, it can be observed that the main differences with
respect to the standard FEM rely on the set of element’s nonlocal
matrices knonlocnm ; some light modiﬁcations concern the assembling
of the global matrix bK.
The evaluation of knonlocnm is hereafter presented in detail with ref-
erence to 8-nodes C(0)-quadratic isoparametric Serendipity ele-
ments with 2 DOFs per node and 3 3 Gauss sampling points
used for numerical integrations. The set of element’s nonlocal stiff-
ness matrices is expressed by Eq. (19b). If, with reference to Fig. 2,
we consider two generic nodes, say i and j, of two generic elements,
say n and m, respectively, the relevant ð2 2Þ submatrix of knonlocnm
reads:
knonlocðnmÞij ¼
Z
Vn
Z
Vm
Aðx;x0ÞBTðnÞiðxÞDBðmÞjðx0ÞdV 0dV ; ð25Þ
where the subscripts n or m, referring to the elements, have been
bracketed for clarity; x and x0 range over element #n and #m,ution exðx; yÞ: (a) local solution; (b) nonlocal solution computed for ‘ ¼ 0:1 cm and
3844 A.A. Pisano et al. / International Journal of Solids and Structures 46 (2009) 3836–3849respectively; BðnÞiðxÞ and BðmÞjðx0Þ denote the B submatrices associ-
ated to node #i and node #j of elements #n and #m, respectively.
Adopting an isoparametric formulation (see e.g. Hinton and
Owen (1989)), so introducing a natural coordinate system,
namely n :¼ ðn;gÞ, being xðnÞ :¼ xðn;gÞ ¼ fxðn;gÞ yðn;gÞgT the
coordinate transformation with J ðnÞ the Jacobian matrix (analo-
gous relations holding for n0 :¼ ðn0;g0ÞÞ, Eq. (25) can be given the
shape:
knonlocðnmÞij ¼
Z 1
1
Z 1
1
Z 1
1
Z 1
1
bAðjx0ðn0Þ  xðnÞjÞbBTðnÞiðnÞDbBðmÞjðn0Þ
t det Jðn0Þdn0dg0t det JðnÞdndg; ð26Þ
where the following positions hold: bBðnÞiðnÞ :¼ BðnÞi ½xðnÞ; bBðmÞj
ðn0Þ :¼ BðmÞj½x0ðn0Þ;dV ¼ tdxdy ¼ t det JðnÞdndg;dV 0 ¼ tdx0 dy0 ¼ t
det Jðn0Þdn0dg0, t being the elements’ thickness; bAðjx0ðn0Þ  xðnÞjÞ
explicitly indicates that the value of the attenuation function perti-
nent to points n and n0, in the natural coordinate system of elements
#n and #m, respectively, has to be computed considering the
Euclidean distance between these points in the absolute coordinate
system ðx; yÞ, namely jx0  xj.
The Gauss–Legendre quadrature rule for numerical integration
applied to Eq. (26) ﬁnally yields:
knonlocðnmÞij ¼RNGh¼1RNGg¼1RNGr¼1RNGs¼1 bA jx0ðn0r ;g0sÞ  xðnh;ggÞj h
 bBTðnÞiðnh;ggÞDbBðmÞjðn0r;g0sÞ whwgw0rw0st2 det Jðn0r ;g0sÞ det J
ðnh;ggÞ
i
; ð27Þ
in which: NG is the Gauss points number per element;bAðjx0ðn0r;g0sÞ  xðnh;ggÞjÞ is the attenuation function associated to
Gauss points whose Cartesian absolute coordinates are x and x0,x[cm]
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Fig. 9. Plate under tension of Fig. 7 subjected to load case #1, strain proﬁles ex
versus x (in cm) of the local (dashed lines) and nonlocal (solid lines) solutions given
in Fig. 8(a and b): (a) at y ¼ 0:019 cm; (b) at y ¼ 2:519 cm.i.e. it gives the ‘‘attenuation” weight to be applied at (source) Gauss
point x0, ranging to within element #m, for its (nonlocal) effects in-
duced at Gauss point x, in element #n (see also Fig. 2); ﬁnally
wh; wg ; w0r; w
0
s are the Gauss weights.
The construction of knonlocnm deserves two more comments: i) the
numerical integrations, here performed with a standard Gauss
quadrature rule, can be, alternatively, carried out with different
procedures like, for instance, the one suggested in Benvenuti and
Tralli (2006) and based on the fast Gauss transform. Nevertheless,
to the authors’ opinion a standard quadrature rule allows the
implementation of a nonlocal FE code just by enriching standard
(local elastic) FE codes with a few apposite subroutines; ii) the
set of cross-stiffness matrices knonlocnm , pertinent to element #n for
instance, has to be build on taking into account only the (m) ele-
ments, say of number Me, falling within a zone determined by
the inﬂuence distance LR. Beyond LR the attenuation function and
consequently the cross-stiffness contributions are indeed practi-
cally vanishing. This circumstance, sketched in Fig. 3, eventually
entails to consider only the elements adjacent to n and obviously
relieves the computational efforts.
For what concerns the assemblage of the nonlocal global stiff-
ness matrix bK (formally given by Eqs. (22) and (23a,b)), referring
for simplicity to the generic element #n, the following can be sta-
ted: i) the contributions to bK coming both from the element local
stiffness matrix, klocn , and from the element nonlocal self-stiffness
matrix, knonlocnm for n ¼ m, can be assembled to within an (outer) n-
elements loop (with n ¼ 1; . . . ; NeÞ in a standard way; ii) the con-
tributions to bK coming from the element nonlocal cross-stiffness
matrix pertinent to the generic #m element neighbour of #n, i.e.
knonlocnm given by Eq. (19b) for n – m, can be located on bK to within
an (inner)m-elements loop (withm running along theMe elements
neighbours of #n) by the following rule:y[cm]
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Fig. 10. Plate under tension of Fig. 7 subjected to load case #1, strain proﬁles ex
versus y (in cm) of the local (dashed lines) and nonlocal (solid lines) solutions given
in Fig. 8(a and b): (a) at x ¼ 0:019 cm; (b) at x ¼ 2:519 cm.
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Fig. 11. Plate under tension of Fig. 7 subjected to load case #1, local solution (solid
lines) and nonlocal solutions in terms of strain distribution for ‘ ¼ 0:25 cm and
f1 ¼ 0:1;0:25;0:5: (a) ex versus x (in cm) at y ¼ 2:519 cm; (b) ex versus y (in cm) at
x ¼ 0:019 cm.
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Fig. 12. Plate under tension of Fig. 7 subjected to load case #1, nonlocal solutions in
terms of strain distribution for f1 ¼ 0:5 and ‘ ¼ 0:1; 0:15;0:2 cm: (a) ex versus x (in
cm) at y ¼ 2:519 cm; (b) ex versus y (in cm) at x ¼ 4:750 cm.
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p; q ¼ 1; . . . ; 16
P ¼ rðnÞ1 ; . . . ; rðnÞ16
Q ¼ rðmÞ1 ; . . . ; rðmÞ16
8><>: ð28Þ
where: knonlocðnmÞpq and K
nonloc
ðnmÞPQ denote the (scalar) elements of k
nonloc
nm and
Knonlocnm , respectively; p and q range over the element DOFs; P and Q
range over the element global DOFs, rðnÞh ðh ¼ 1 . . . ; 16Þ denoting
the number assigned to the h-th global DOF of the n-th element;
see also Fig. 4.
3.3. The numerical procedure
The main steps of the NL-FEM previously discussed are hereaf-
ter summarized in a ﬂow-chart style bringing into prominence
their peculiarities with respect to the standard FEM.
 input: geometry; boundary and loading conditions; material data; FE mesh
(say of a number of elements equal to Ne).
 start elements loop #1, say for n ¼ 1; . . . ;Ne
 start Gauss points loop on element #n, say on GPsðnÞ} evaluate Bn½GPðnÞ 
} compute (local) element stiffness matrix klocn (Eq. (19a))
} compute nodal forces element vector f n (Eq. (19c))
 end Gauss points loop on element #n
} assemble contributions klocn in the global matrix bK (Eq. (22))
} assemble contributions f n in the global force vector F (Eq. (24))
end elements loop #1
start elements loop #2, say for n ¼ 1; . . . ; Ne
} identify neighbouring elements, say of a number equal toMe , sharing
the cross-stiffness matrices with the current element #n

 start elements loop #3, say for m running along the elements,Me , neigh-
bours of current element #n
 start Gauss points loop on element #n, say on GPsðnÞ start Gauss points loop on element #m, say on GPsðmÞ
} evaluate Bn½GPðnÞ ;Bm½GPðmÞ
} evaluate the attenuation function on the current Gauss points
GPðnÞ;GPðmÞ
} compute self- and cross-stiffness element matrices, knonlocnm
(Eqs. (19b), (25)–(27)) end Gauss points loop on element #m end Gauss points loop on element #n
} assemble contributions in the global matrix bK (Eqs. (22), (28))
 end elements loop #3
 end elements loop #2
 solve global equations system: U ¼ bK1F
 output: displacements; strains; etc.4. Numerical examples
The NL-FEM has been applied for analyzing two nonlocal elastic
BVPs under plane stress conditions. The former, reported in Section
4.1, is a bar-like structure under uniform tension and it has been
analyzed to validate the numerical NL-FEM ﬁndings by comparison
with an exact solution available for the same problem rephrased in
a 1D context, (Pisano and Fuschi, 2003). The latter, reported in Sec-
tion 4.2, analyzes a plate under nonuniform tension. The numerical
results obtained for this second case are quite interesting showing
the potentialities of the implemented method. In both cases: the
material obeys to the Eringen-type model given in Section 2.1 with
a bi-exponential attenuation function of the form
Aðx;x0Þ :¼ k0ejx0xj=‘ (with k0 ¼ 1=ð2p‘2tÞ and LR ¼ 6 ‘); 8-nodes
isoparametric Serendipity elements with 3 3 Gauss points per
element have been utilized; loads act in a quasi-static manner;
inﬁnitesimal displacements are assumed. It is worth to note that,
as traceable in the relevant literature, the characteristic length ‘
3846 A.A. Pisano et al. / International Journal of Solids and Structures 46 (2009) 3836–3849may be selected according to the range and sensitivity of the phys-
ical phenomena. The deﬁnition of ‘, very hardly detectable via
experimental tests, is still an open question (see e.g. Wang and
Wang (2007), Aifantis (2009) and references therein). The ‘ values
assumed hereafter are not realistic but are ﬁxed in order to empha-
size the peculiarities of a nonlocal elastic numerical solution of two
simple problems oriented to validate the NL-FEM.
4.1. A bar-like structure under uniform tension
Let us consider the bar-like problem set up in Fig. 5(a), namely a
2D structure of length L = 50 cm, wideness h = 1 cm and thickness
t = 0.1 cm. The bar is ﬁxed at the cross-section x = 0, where
ux ¼ 0, and it is subjected to a uniform prescribed displacement,
ux ¼ 0:05 cm, at the opposite (free) end section x ¼ L. Transversal
displacements, uy, are allowed in the whole bar. A constant tensile
stress arises along the whole bar for equilibrium. A mesh of 800
elements has been adopted with 200 subdivisions along x and 4
along y. The analysis has been carried on by assuming the follow-
ing material data: Young modulus E ¼ 2:1 106 daN=cm2;
Poisson ratio m ¼ 0:2; ‘ ¼ 0:1 cm; f1 ¼ f2 ¼ 0:5.
A plot of the NL-FEM solution in terms of strain distributions
exðx; yÞ in the whole bar is shown in Fig. 5(b). The strain proﬁle
clearly exhibits the expected increasing trend to within the bar
end portions of wideness LR. As observed in Remark #2 of Section
2.2, this trend, due to the presence of the boundaries (namely the
end sections which alter the attenuation effects in a zone of wide-
ness LR), is fully consistent with the Eringen-type model hereFig. 13. Plate under tension of Fig. 7 subjected to load case #2, plots of the strain distrib
f1 ¼ 0:5.adopted. For what concerns the core domain, the computed strain
distribution coincides with the local (uniform) elastic one, i.e. a
plateau of uniform strain e ¼ ux=L ¼ 103, as proved in Section
2.2 at Remark #3. A longitudinal and a transversal section of the
plot of Fig. 5(b) are given in Fig. 6(a and b). Precisely, Fig. 6(a)
shows the strain distribution ex versus x at y ¼ 0:472 cm. This re-
sult, the only comparable with a 1D solution of the problem, is
plotted (as solid line) against the exact solution (dashed line),
(Pisano and Fuschi, 2003). The very good agreement between the
numerical and the exact solution, the two curves are practically
coincident, testiﬁes the correctness and the effectiveness of the
implemented NL-FEM. Moreover, Fig. 6(a) shows the presence of
some numerical oscillations arising at the transition sections be-
tween the core domain, where the strain is uniform, and the bar
end portions, where the strain increases as much closer to the
bar ends. Such instabilities, disappearing for higher values of the
internal length, ‘, or of the local phase 1 volume fraction, f1, are
inherent to the Eringen-type model here used. To this concern
the remedies recently proposed in Polizzotto et al. (2006), in a
1D context and consisting in an appropriate remodelling of the
stress–strain law, seem able to avoid completely such drawbacks.
The numerical applicability of such enhanced Eringen-type model
in a 2D nonlocal context is the object of an ongoing research, hold-
ing the assertions of Remark #3 at Section 2.2. Finally Fig. 6(b)
gives the distribution of ex versus y in proximity of the left bar
end, at x ¼ 0:125 cm. Once again the effects of the boundaries on
the attenuation function, namely the bar’s borders along y = 0
and y ¼ 1 cm, manifest themselves on the (transversal) strain pro-ution exðx; yÞ: (a) local solution; (b) nonlocal solution computed for ‘ ¼ 0:1 cm and
0 1 2 3 4 5
x[cm]
-0.0008
-0.0004
0
0.0004
0.0008
x
x,
y
Local
Nonlocal 
(  = 0.1 cm; 1 = 0.5)
0 1 2 3 4 5
x[cm]
0.0004
0.0005
0.0006
0.0007
0.0008
x
x,
y
Local
Nonlocal
(  = 0.1 cm; 1 = 0.5)
(a) 
(b) 
0 1 2 3 4 5
x[cm]
0
0.001
0.002
0.003
0.004
x
x,
y
Local
Nonlocal
(  = 0.1 cm; 1 = 0.5)
(c) 
Fig. 14. Plate under tension of Fig. 7 subjected to load case #2, strain proﬁles ex
versus x (in cm) of the local (dashed lines) and nonlocal (solid lines) solutions given
in Fig. 13(a and b): (a) at y ¼ 0:250 cm; (b) at y ¼ 1:519 cm; (c) at y ¼ 2:519 cm.
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present 2D analysis, vanishes in the bar core domain where also
the transversal strain proﬁle is ﬂat, the solution being coincident
with the uniform local one.
Different choices of ‘ and f1 (or f2 :¼ 1 f1) values have been
used but the relevant results, all conﬁrming the correctness of
the NL-FEM for the examined example, are not reported both for
brevity and also because this bar-like structure has been used only
as a bench mark of the numerical method.
4.2. A plate under tension
The square plate of side a ¼ 5 cm and thickness t ¼ 0:5 cm,
shown in Fig. 7(a), is analyzed. The plate is ﬁxed along the edge
at x = 0, where u ¼ 0, and it is subjected to prescribed displace-
ments ux–0 along the opposite edge at x ¼ a. Two loading condi-
tions are considered, precisely: load case #1) a uniform
distribution ux ¼ 0:001 cm; load case #2) a triangular shaped dis-
tribution with ux ¼ 0:005 cm at y ¼ a=2. The analysis has been car-
ried on by assuming: Young modulus E ¼ 2:1 106 daN=cm2;
Poisson ratio m ¼ 0:2; different values of ‘ and f1 as speciﬁed later.
To this concern it is reminded that also in this case f2 :¼ 1 f1. A
mesh of 900 elements has been adopted with 30 subdivisions both
along x and y. Fig. 7(b) shows a sketch of the plate visualizing, by
locating three typical positions of the attenuation function, the
core domain and a ‘‘skin region”—of wideness LR—where the atten-
uation effects are altered by the presence of the boundaries.
4.2.1. Results for load case #1
The local and the nonlocal solutions, in terms of strain distribu-
tion exðx; yÞ, obtained for load case #1 of the problem set up in
Fig. 7(a) with ‘ ¼ 0:1 cm and f1 ¼ 0:5 are given in Fig. 8(a and b),
respectively. By inspection of Fig. 8(b) the peculiarities of the strain
trend obtained with the present nonlocal FE analysis are evident,
all the arguments given for the bar-like example, examined in Sec-
tion 4.1, being valid with reference to the skin region, here playing
a role analogous to the one of the bar end portions. It is worth to
note how the boundaries affect the action of the attenuation func-
tion within the skin region as detectable in Figs. 9(a and b) and
10(a and b) where plane sections of the plots of Fig. 8(a and b)
are reported. Precisely, Fig. 9(a and b) show the NL-FEM solution
(solid lines) in terms of strain distribution ex versus x at
y ¼ 0:019 cm and at y ¼ 2:519 cm, respectively. The local (FEM)
solutions (dashed lines) are also reported for sake of comparison.
Fig. 10(a and b) show the NL-FEM solution (solid lines) in terms
of strain distribution ex versus y at x ¼ 0:019 cm and at
x ¼ 2:519 cm, respectively. Once again the local (FEM) solutions
(dashed lines) are reported for comparison purposes. The strain
proﬁles of Figs. 9(a and b) and 10(a and b) clearly show that, also
in the case of nonuniform strain distribution, within the core do-
main the local solution is matched with very light differences by
the nonlocal one.
The NL-FEM analysis has also been performed for different val-
ues of ‘ and f1. The results obtained for ‘ ¼ 0:25 cm and
f1 ¼ 0:1; 0:25; 0:5 are given in Fig. 11(a and b); in particular:
Fig. 11(a) shows the strain proﬁle ex versus x at y ¼ 2:519 cm,
Fig. 11(b) shows the strain proﬁle ex versus y at x ¼ 0:019 cm. As
expected, the lower is the volume fraction f1 value of phase 1 (lo-
cal) material the greater are the nonlocal effects on the strain dis-
tribution that departs from the one given by a local analysis (solid
lines). Finally, Fig. 12(a and b) show the results, in terms of strain ex
versus x at y ¼ 2:519 cm and ex versus y at x ¼ 4:750 cm, respec-
tively, obtained for f1 ¼ 0:5 and ‘ ¼ 0:1; 0:15; 0:2 cm. Also in this
case the obtained results look sensible as in fact the greater is
the value of the internal length the wider is the skin region, the
nonlocal effects spreading to the inside of the plate.4.2.2. Results for load case #2
The local and nonlocal solutions, in terms of strain distribution
exðx; yÞ, obtained for load case #2 of the plate problem set up in
Fig. 7(a) are plotted in Fig. 13(a and b), respectively. The nonlocal
analyses have been carried on for ‘ ¼ 0:1 cm and f1 ¼ 0:5. The tri-
angular shaped loading obviously ampliﬁes the nonuniform trend
of the strain distribution in the whole plate. Nevertheless, the
NL-FEM solution appears, once again, very trustworthy both within
the skin region, where arguments analogous to the ones given for
the previously examined cases hold true, and within the core
domain where the nonuniform strain distribution given by a local
analysis is matched. The strain proﬁles ex versus x and ex versus y of
the plots given in Fig. 13(a and b) are reported in Fig. 14(a–c) at
y ¼ 0:250; 1:519; 2:519 cm and in Fig. 15(a–c) at x ¼ 0:019;
2:519; 4:981 cm, respectively.5. Conclusions
A numerical method, known as nonlocal ﬁnite element method,
NL-FEM, theorized in Polizzotto (2001) on the base of a consistent
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Fig. 15. Plate under tension of Fig. 7 subjected to load case #2, strain proﬁles ex
versus y (in cm) of the local (dashed lines) and nonlocal (solid lines) solutions given
in Fig. 13(a and b): (a) at x ¼ 0:019 cm; (b) at x ¼ 2:519 cm; (c) at x ¼ 4:981 cm.
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elasticity context for solving boundary-value problems of engi-
neering interest.
The main goal of the paper has been indeed the inquiry into the
computational issues of the NL-FEM, the obtained results estab-
lishing a ﬁrst base for further developments. To this aim a nonlocal
elastic model of Eringen-type has been adopted in which the
stress–strain constitutive relation is characterized by a convolutive
integral form whose kernel plays the role of nonlocality effects
attenuation function. The choice of such a model, aware of its lim-
its arising in the presence of sharp material discontinuities like, for
example, domain boundaries, turned out to be necessary and very
useful to check the reliability of the whole numerical procedure.
The latter has in fact been veriﬁed by comparison of the obtained
numerical solutions with the ones available for a simple problem,
namely a 2D bar-like example under uniform tension, admitting
an exact solution if rephrased in a 1D context. This problem, used
as a bench mark, has also been exploited to draw general remarkson the peculiarities of the response to be expected with the pro-
posed approach.
Simple examples of engineering interest have then been run
analyzing a nonlocal elastic plate under non uniform tension suf-
fering different loading conditions. The obtained results prove
the effectiveness of the method which seems to be a promising
and an easy to handle tool to deal with more complex problems.
The validity and the usefulness of the presented method relying
on the fact that it can be viewed as an effective tool for the numer-
ical analysis of problems the nonlocal (integral) continuum elastic-
ity theory is oriented to. Namely mechanical problems for which a
classical local elastic solution is hardly obtainable either analyti-
cally or numerically. For example, in the context of linear elastic
fracture mechanics, the possibility of using stress-based failure cri-
teria, meaningful to within a nonlocal elastic approach with no sin-
gularities in the presence of cracks, appears possible. Extensions of
the implemented code concerning the use of enhanced Eringen-
type nonlocal models, as the ones proposed in Polizzotto et al.
(2006), seem also possible.
Issues related to the construction of element and global non-
local matrices involved in the method have been discussed giving
detailed information both on the integration procedures and on
the assembling ones. An abridged ﬂow-chart of the NL-FEM code
has been sketched showing the main differences it exhibits with
respect to a standard FE code.
Further study is indeed necessary for what concerns the use of
enhanced constitutive models, like the ones above mentioned and
already set up from a theoretical point of view, but whose practical
utility can now be veriﬁed on the base of the results here pre-
sented; these are actually the themes of an ongoing research.Acknowledgement
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